We prove that the purely classical gravity dual of Fermi and non-Fermi liquids exist by employing the logarithmic behavior of entanglement entropy to probe Fermi surfaces. For isotropic systems, the logarithmic behavior originates only from the deep UV region of the minimal area surface. For anisotropic systems, the surfaces' configuration becomes largely modified by spatial anisotropy and series of solutions exist. By imposing the null energy condition we show that the specific heat behaves as C ∝ T α where α ≤ 1, in both systems. In the end, we also present an effective gravity model for anisotropic background. However, the anisotropic scaling solutions with logarithm violation haven't been covered in this model. *
I. INTRODUCTION
Recent years, AdS/CFT correspondence has been widely used to study strongly coupled fermionic systems [1, 2, [4] [5] [6] [7] . It was shown that holography can describe quantum liquids, especially non-Fermi liquids which still lacks of a proper description in condensed-matter theory (CMT). By adding probe fermions in the bulk, people can explicitly calculate the boundary retarded Green function G R (ω, k) and analytically show the existence of Fermi surfaces [4] [5] [6] [7] . However, the number of Fermi surfaces are only of order O(1) in this procedure and usually the Luttinger relation which equates the total charge density to the volumes enclosed by the Fermi surfaces was badly violated [4, 5, 8] , except for the electron star background [6, 7] . What's more, the bulk fermions only correspond to the gauge-invariant operators in the boundary and thus the dual Fermi surfaces are only of these composite operators. Up to now, One can't directly manipulate the Green function and detect the Fermi surfaces of boundary elementary fermionic operators in holography [9, 10] . Thus we call these Fermi surfaces hidden. Interestingly, in a recent paper, N.Ogawa et al have proposed an elegant approach to this conundrum [3] . They define systems with Fermi surfaces by requiring that their entanglement entropy has the logarithmic violation of the area law. The number of Fermi surfaces is expected of order O(N 2 ) and the Luttinger relation can be partly rescued in some way [10] .
For d spatial dimensional systems, a strip shape subsystem A is defined by:
When the size ℓ of the subsystem A is large enough, the entanglement entropy S A will be substantially modified and behaves like [3] :
where γ and η are numerical constants, and η is positive, ǫ is the UV cut off, k F is the Fermi momentum or the average of Fermi momentums when many Fermi surfaces exist. On the other hand, in holography, the entanglement entropy is given by [12] [13] [14] 
where G N is the bulk Newton's constant and γ A is the minimal area surface which coincides with ∂A at the boundary. With the assumption that the logarithmic behavior of the Since working in the IR geometry means it is simply to extract the IR pieces of the full minimal area surface. It is possible that the other omitted regions is the dominant part of the surface area and leads to the logarithmic behavior of the entanglement entropy [11] .
Motivated by this idea, we will explicitly show that it indeed works sufficiently for general isotropic systems with d spatial dimension when the deep UV part of the surface is dominant (d ≥ 2) in this paper. The index of specific heat will be extended to α ≤ 1 and thus include
Fermi and all of non-Fermi liquids.
On the other hand, since the realistic systems in the boundary are generally anisotropic, people have recently constructed anisotropic black branes [18] in holography to further study the properties of the boundary systems. From this perspective, it is also important to investigate the hidden Fermi surface information and confirm the existence of the purely classical gravity dual of Fermi and non-Fermi liquids in the anisotropic gravity background.
We find that the configuration of the minimal surface is controlled by two functions product so that many series of solutions which corresponds to either IR or UV piece of the minimal area surface dominant case are allowed. The Fermi and non-Fermi liquids are also naturally allowed in this case. Finally, we also present a classical gravity dual for anisotropic systems.
II. ISOTROPIC SYSTEMS
For self consistency, we first briefly demonstrate the calculation process given in Ref [3] .
To be general, we consider d + 1 dimensional boundary systems with Fermi surfaces which is dual to d + 2 dimensional gravity backgrounds. The metric is taken to be
where R is AdS radius; i = 1, 2, ..., d. Note that this metric preserves translational and rotational symmetry and thus is dual to isotropic systems in the boundary. We also require this metric is asymptotically AdS d+2 , so we have
We are only interested in the strip subsystem A (1). For other shape subsystems, one can refer to Ref [3, 9] . The minimal area surface γ A can be specified by the surface x 1 = x 1 (r).
Without loss of generality, we take the Newton's constant G N = 1/4 in the following.
According to eq.(3), the holographic entanglement entropy is found to be
where r * is the turning point which leads to x ′ 1 divergent. ǫ is the UV cut off. Since γ A is the minimal area surface, the variational principle for x 1 (r) gives rise to
Thus, we obtain the width ℓ and the entanglement entropy S A as follows
Obviously, the relation between the entanglement entropy S A and the width ℓ is controlled only by the function g(r). Assume that the IR piece of the minimal surface γ A is dominant, we can set g(r) as
where r F is a certain scale which is undetermined. Substitute eq.(10) into eq. (8) and (9), we find
where c n and d n are positive constants and
. Note that in the very IR limit, we have r * ≫ r F , or equally ℓ ≫ r F . The eq. (11) and (12) lead to
The first term is divergent and agrees with the area law which is expected from asymptotically AdS background. The second term is the leading finite part of S A which depends on ℓ as a pow law. An exception occurs when n = d − 1. In this case, the behavior of S A is indeed obtained as
This is the logarithmic behavior we expected for the existence of Fermi surfaces. Compare eq. (14) with eq. (2), the scale parameter r F can now be interpreted as the Fermi level ∼ k
or the average of Fermi levels when many Fermi surfaces exist.
Up to now, we have only fixed the function g(r) by requiring the logarithmic behavior of the finite part of the entanglement entropy while the tt-component of the metric (4) 
where T µν denotes the energy stress tensor of matter fields; N µ is any null vector. In the absence of a specific matter field, T µν can be calculated from Einstein's equations
For simplicity, the null vector N µ can be chosen as
where θ is an arbitrary constant. Obviously, equations (15)- (17) apply to both isotropic and anisotropic systems. Focus on the IR geometry and assume
For isotropic systems (4), the above conditions lead to m ≥ n and m ≥ 0
In the end, we found the behavior of the specific heat as[3]
To show the logarithmic behavior of S A , we need n = d − 1. Therefore
which is precisely consistent with [3] .
Clearly, eq. (22) (8) and (9), we get
where the strip length is assumed to behave as ℓ/r F ∼ c n Λ β . c n is a numerical constant, and β is a positive constant related to n in some way. The omitted terms is of order O(Λ β−1 ) which seems to be rather bad. Fortunately, log (ℓ/r F ) ∼ c n log Λ + O(Λ 0 ) which is what we truly need to estimate the finite part of the entanglement entropy. In the same way, S A is obtained as follows
where u 2d term in the integral has been omitted in the second line with a appropriate cut off at r = r F for the entropy integral. Clearly, the u 2d term is dominant when r → r * which locates in the deep IR region. Since we have assumed that the deep UV region contributes to the leading finite part of the entanglement entropy S A , the dominant scale is actually far away from r * . So we expect (26) is sensible. We will show this point explicitly in the following.
From eq.(26) and by simple calculation (see Appendix), one find if n = (d − 1)/2, we will have
which agrees with eq. (14) perfectly. We emphasize that the dominant scale for this behavior to emerge is given by r U V = r F /Λ δ ≪ r F , thus locating in the deep UV region with the UV cut-off scale ǫ fixed, where δ is some positive constant to ensure this relation. Now let's estimate the leading finite corrections δ(S A ) given by u 2d term. When r → r * , eq. (23) reduces to eq. (10), eq.(25) reduces to eq.(12). Therefore
Thus, for any
where (S A ) f in denotes the finite part of S A , the u 2d term's effect is indeed negligible.
Combining these results, we finally obtain
From conditions (15)-(21) and now n = (d − 1)/2, we find the specific heat behaves like
Thus in this case both the Fermi liquids (α = 1) and all the non-Fermi liquids (α < 1) can be constructed. We plot the logarithm of the width log (ℓ/r F ) and the finite part of the entanglement entropy (S A ) f in in Fig. 1 
For d = 3. Thus we can numerically confirm the analytical approach given above is indeed rational, as we have expected. 
III. ANISOTROPIC SYSTEMS
In the sections above, we discussed isotropic systems with Fermi surfaces in holography by requiring the logarithmic violation of the entanglement entropy. When the size of the systems is large enough, this behavior is proposed to be general, independent of the space shapes of the systems [3] . In the absence of a proof in the boundary theory, we argue that this behavior is also independent of the shape of the momentum space i.e. the shape of the Fermi surfaces. In fact, people have found this behavior by simple dimensional analysis [15] . So eq.(2) may be also effective for anisotropic systems only if we reinterpret the scale parameter k F as the average of the Fermi momentums in different directions.
To put it simply, we are only interested in the two spatial dimensional systems in the following. The new metric is taken to be
We require that this background is also asymptotically AdS, thus
And the subsystem A is still a strip one
By the same procedure presented in section 1, we find
where r * is defined as the turning point of the minimal surface which makes x ′ 1 divergent, thus we have
To meet this condition, we first assume
Therefore, we obtain
Compare eq.(41) and eq.(42) with eq. (8) and eq. (9), we only need to replace g(r) by a(r)g(r)
when moving from isotropic systems to anisotropic ones. Thus the argument presented in section 1 can be directly used to probe the anisotropic Fermi surfaces. From eq. (10) Furthermore, if we always believe this point, the condition (40) is no longer needed. Thus, we will find To specify the behavior of the specific heat, we impose null conditions on the metric (35).
From equations (15)- (17), we get
We only interested in the deep IR region and assume
which leads to
On the other hand, according to equations (43)- (45), the logarithmic behavior of S A requires in the deep IR
For physically sensible matter fields, α > 0 which is equivalent to
In the end, we obtain
where Note that every case above suggests that there exists gravity duals of Fermi and non-Fermi liquids in the purely classical limit for anisotropic systems.
On the other hand, above solutions apply to a(r)b(r) ≡ 1 (at least in deep IR) and a(r)
varies with the scale parameter r F so that in the bulk interior it behaves like a(r) ∼ r 2p which is an unnecessary condition. Especially, when the anisotropy is only perturbations on the isotropic background, the behavior of a(r) can be set as
where a 0 , p are positive constants. Under this assumption, a ′′ (r)/a(r) ∼ a ′ (r)/a(r) ∼ δ(a(r))/a(r) which can be neglected in the null energy conditions. Thus we obtain eq. (19) again. On the other hand, equations (43)- (45) lead to
Clearly, for d ≥ 2 the standard Landau-Fermi liquids has been included while for d = 1 only non-Fermi liquids is allowed.
IV. GRAVITY MODEL
Now we would like to give an effective gravity model for systems (4) and (35) which have the logarithmic behavior of the entanglement entropy. The system (4) is isotropic and has been completely constructed by standard Einstein-Maxwell-dilaton theory [3, 16, 17] . So we only focus on the anisotropic system (35) with a(r)b(r) ≡ 1. We start from the following
where G denotes the metric determinant, ℜ is Ricci scalar, V (φ) and Z 1,2 (φ) can be any function. F ,H are two Maxwell fields' strength defined by F = dA, H = dB, where A, B are gauge potential.
The equations of motion(EOM) are
where ∇ µ is covariant derivative operator, △ is Laplacian operator. G µν is Einstein tensor.
T µν is energy-momentum tensor which is given by
By definition, G µν of the metric (35) are found to be
where Ω(r) is
To realize the anisotropic metric (35), one needs T µν = T µν (r) and
. We search for the following solutions
EOM (64)- (65) lead to the only nonzero component of gauge fields strength is
where Q 1 , Q 2 are constants which are proportional to the corresponding conserved charge carrying by the blackholes. For convenience, we set Q 1 = Q 2 = 1/κ.
Equations (63)- (71) lead to
where
Note the dilaton equation (66) 
V. CONCLUSION
In this paper, we study the hidden Fermi surfaces in holography by searching the logarithmic behavior of the entanglement entropy, without probe fermions in the bulk, which was first proposed in Ref. [3] . We successfully construct the purely classical gravity duals for Fermi and non-Fermi liquids for isotropic and anisotropic systems. In both systems, the leading contribution of the finite part of the holographic entanglement entropy comes from either deep IR region or the deep UV region of the minimal area surface. It has been shown that only part of non-Fermi liquids is allowed for isotropic systems when the IR piece is dominant in Ref. [3] while we explicitly prove that it is not true for generically anisotropic systems. When the deep UV region contributes to the logarithmic behavior of the entanglement entropy, both Fermi and non-Fermi liquids can be constructed in both systems.
Furthermore, the hyperscaling violation exponent is found to be
in isotropic scaling geometries with Fermi surfaces in the UV case instead of θ = d − 1 in the IR case [2, 9, 19] . In the end, we also construct a gravity model for anisotropic background which works effectively for perturbative anisotropy and does allow series of anisotropic scaling solutions in deep bulk interior. However, the dilaton equation is not satisfied automatically and leads to a constraint on the metric. For the purpose of searching a full anisotropic solution, one needs a better gravity model. We leave it to future study.
VI. APPENDIX
Let's start from the approximated expression for the entanglement entropy
where ǫ is the UV cut-off (ǫ → 0 in the UV limit), leading to the divergent part of the entanglement entropy which agrees with area law. Recall that we simply drop the u 
where the integrated bounds are θ 1 = 1 + (r U V /r F ) 2n , θ 2 = √ 2. (S A ) cut denotes the entropy integral from the finite cut off scale r U V to r F . Note that this is not the true finite part of the entanglement entropy as we will explain in the following. When (d − 1)/2n = 1, we can more explicitly write down the integrated expression as follows
Now we can readily obtain the result of the integral
, the dots denotes the small quantity of order O(Λ 0 ). The first term is the intriguing logarithmic term we search but the second term is a power law which seems breaking our conclusion. In order to obtain the correct finite part of the entanglement entropy, we need to further extend the integral to the UV limit where g(r) ≈ 1 which will lead to a corrected term (S A ) ǫ
The total entanglement entropy is S A = (S A ) cut + (S A ) ǫ . Finally, we obtain
Evidently, by properly choosing the UV scale r U V = r F /Λ δ ≪ r F , we can exactly derive the logarithmic behavior of the entanglement entropy, as it was shown in eq.(27). I also thank Professor Norihiro lizuka for pointing out the omissive citations Ref. [16, 17] .
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